Ultrafast (femtosecond) interferometric pump/probe techniques can be used to measure rates of population and quantum phase decay in complicated media such as liquids and solids.
I. Introduction
As a method of probing dynamics in complicated media, ultrafast (<100 fs) laser spectroscopy is becoming a standard tool. Ultrafast lasers are often used in a pump/probe configuration, where one pulse excites the system to a level of interest and a second timedelayed pulse probes the ensuing dynamics. A particularly powerful extension of the pump/probe method is to scan the delay between two identical or phase-related pulses interferometrically. It is then possible to follow not only incoherent processes such as population decay, but also the decay of phase coherences between the initial and excited levels.
With this goal in mind, interferometric methods have been applied to studies of the quantum phase decoherence of single particle and collective excitations in metals by two-photon photoemission 1, 2 (2PP) and surface second-harmonic generation (SSHG) techniques. 3 Ultrafast methods are often chosen for studying complicated media because the couplings in such systems can lead to bands of levels or inhomogeneously broadened states that mask fundamental properties such as excited state lifetimes when probed by traditional frequencyresolved spectroscopies. However, the intrinsic broadband nature of ultrafast excitation also makes it possible to excite a broad range of states in such systems. On one hand, the coherent excitation of sparse multiple states can lead to resolvable quantum beats that shed new light on systems such as image potential states on metals 4 or splittings in atomic energy levels. 5 On the other hand, excitation from a continuum or multiple initial states can distort the measured pump/probe correlation, necessitating careful analysis to extract the underlying dynamics. 3, [6] [7] [8] It is the goal of the present study to elucidate the effects of continuum excitation on ultrafast interferometric correlation measurements, and to determine what type of information may ultimately be extracted from such measurements.
There are already several examples in the literature of complex systems where ultrafast correlation measurements are affected by inhomogeneously broadened levels. For example, ultrafast probing 7, 8 of jet-cooled Cs 2 results in simultaneous excitation of multiple dimer rotational levels populated in the jet. The phase shifts in the interferometric correlation measurements due to contributions from the different rotational energies leads to an attenuation of the interference structure that is used to retrieve phase-decay times. In another example, continuum 3 SSHG studies of Au nanoparticles sample an inhomogenous distribution of particle sizes that leads to a signal with contributions from different plasmon resonances. 3 A careful consideration of the resulting phase shifts demonstrates that this too can modify the observed interferometric correlation. Finally, electron bands in metals present an extreme example of inhomogenous broadening, with a continuum of states below and above the Fermi level that can have different excited-state or hole lifetimes depending on the energy. In studies of imagepotential states on metals, it is found that the contributions from a continuum of ground-state electron energies must be considered to accurately analyze the data. 6 In spite of these examples, there has been no thorough treatment of interferometric correlation measurements for systems with broadened bands or continua. In order to address this issue, we will consider interferometric two-pulse correlation (I2PC) measurements from metals as a model system. The basics of 2PP from metals are shown in Fig. 1a . The pump laser pulse excites an electron from below the Fermi level to an unoccupied hot electron state below the work function. The probe pulse then excites this electron above the work function, creating a photoelectron that can be detected in an energy-and momentum-resolved manner.
Photoelectrons can also be created by direct excitation from the ground to final state via a twophoton transition. This system embodies nearly all of the issues that arise from continuum effects in interferometric measurements, since the initial, intermediate, and final states can each arise from a range of state densities. For example, the ground state can either lie in a band of metal electron states, or be a nearly discrete occupied surface state. The intermediate excited state can also lie in a continuum of metal band states, or can be a nearly discrete adsorbate or intrinsic image-potential state. Lastly, the final photoionized states are part of a continuum, but only a subset of them are detected in the electron energy analyzer. With such a wide range of possibilities, the I2PC example is thus relevant to the effects of broadened bands or continua on interferometric measurements for a variety of systems.
The remainder of this paper is organized as follows. Section II contains the standard description for photoexcitation in a multilevel system of discrete levels, i.e., the optical Bloch equations. Section III is a discussion of the effects of finite analyzer resolution and a continuum of final states. In Sec. IV, excitation from a full continuum in the ground and 
II. Optical Bloch Equations
Before determining the effects of continuum excitation on the interferometric correlation, a formalism for modeling the I2PC measurements is necessary. This formalism should describe how the interaction of the electrons with the radiation, lattice, and other electrons manifests itself in the time-dependent population of the measured state. Clearly such a description could be made arbitrarily complex, but a more fruitful approach is to begin with simple assumptions and add complexity as needed. A cursory discussion of the optical Bloch equations, described in detail elsewhere, 9, 10 serves this purpose well.
We begin by assuming that the electrons are noninteracting and occupy discrete energy levels, much the same as an isolated atomic system. The coupling of these levels via optical radiation can be described via first-order time-dependent perturbation theory. However, when considering ultrafast studies it is also important to include the broadband nature of the excitation laser. If the laser frequency is nominally described by the carrier frequency ω , then the spread of frequencies in the pulse makes it possible to excite transitions at frequencies in an envelope around ω . In a typical perturbative approach the wave function of the system is expanded in a set of zero-order basis states, i.e., ψ ϕ
. The frequency spread of the pulse makes it more intuitive to expand the time-dependent coefficients as a t ik t c t
Multiplication by the exponential term results in slowly varying coefficients for levels at or near a multiple of ω , while levels outside of the pulse energy envelope will have rapidly oscillating coefficients that average to zero and can thus be ignored. In this way so-called "nonresonant"
transitions can be treated. The resulting differential equations for the system have the form
The first term of Eq. (1) describes the "nonresonant" energy of the level one-photon coupling of nearby levels via optical radiation. The C and D coefficients contain terms related to the electric field of the pulse and the transition moment between levels. The final component of the equation is a decay term. For an isolated system, this represents the decay due to spontaneous radiative emission, which has a probability per unit time of 1 T spont .
Using Eq. (1), it is possible to describe the dynamics of an isolated system interacting with optical radiation.
Excited electrons in a metal are not isolated, so it is necessary to add another layer of complexity to the description. The simplest way to do this is to consider an isolated system now in contact with a larger system. The details of the interactions with the larger system will be ignored and their effects treated phenomenologically. This necessitates the use of a density 
The unlisted terms in parentheses represent the coupling with other matrix elements via the electric field and the transition moments between levels, and follow directly from Eq. 
Once again, the unlisted terms in parentheses describe the coupling between levels by the electric field and transition moments. The remaining terms describe the time dependence of the coherence as influenced by the energy shifts of the levels and the lifetime of each level. The additional term, i.e., T 2 12 , is included to represent the time scale for phase-changing elastic collisions of the isolated system with the larger system. To contrast the difference between population and phase decay, the T 1 terms are often referred to as the time scale for incoherent population decay, while the T 2 terms are referred to as the time scale for coherent phase decay.
The coherent phase decay is sometimes described in terms of an effective phase decay that consists of contributions from both the T 1 and T 2 terms in Eq. (3). We will not use this notation, and the T 2 terms here are the true intrinsic phase-decay lifetimes. Although it is possible to move to more complicated descriptions of 2PP than embodied in the optical Bloch equations, such as semiconductor formalisms 11 that include interactions between electron-hole pair quasiparticles, we have found these equations to be sufficient for describing most of the observed features in the 2PP data, and will therefore choose them as the stopping point in adding complexity.
Because the optical Bloch equation approach is phenomenological, an interpretation of the decay lifetimes in terms of physical processes in metals is necessary. The T 1 lifetimes are for population decay, and therefore correspond directly to the time between inelastic collisions for a hot electron. There is an interesting ambiguity, however, in interpreting the T 2 phase decoherence terms due to the presence of both an excited electron and hole in the metal system. 
Adherence to or deviation from this relationship should provide essential clues in determining whether the final-state scattering is important. If final-state scattering is indeed important, then a different interpretation of the phase decoherence times in terms of physical processes in metals would be necessary.
For a given electric field pulse, it is possible to integrate the optical Bloch equations to determine the time-dependent population of the levels for a multiphoton transition. It is instructive to do this to see how the parameters introduced above affect the appearance of the I2PC. To calculate an interferogram for 2PP, we consider a three-level system coupled by the laser pulse sequence E t E t
is the electric field of the pulse and τ is the delay between the pump and probe pulses. It is assumed that i) the initial population is in the ground state, ii) transitions are in the weak-field limit where the population of the ground state is not changed significantly, and iii) the final photoelectron has an infinite lifetime. probe pulses interfere, this change in frequency will lead to a phase shift of the interference pattern, clearly evident in the comparison of the two I2PCs in Fig. 2 . This phase shift is also plotted explicitly in Fig. 2 for the difference between the "2ω" oscillations for the two traces. If these two interferograms were averaged together, as happens when the analyzer resolution is finite, then the resulting interferogram would be modified due to the phase shifts. The remainder of this paper concerns applying the optical Bloch equations to various situations where such effects are significant, such as when the electron energy levels are either not discrete, or are numerous enough to be considered a continuum.
III. Final-state energy resolution
Many pump/probe correlation measurements detect a final photoionized or photoelectron state belonging to a continuum of energies. Due to the broadband nature of ultrafast excitation, a range of final-state energies will be present in such experiments. In some experiments such as interferometric three-photon photoion correlations of alkali atoms and dimers, 5, 7, 8, 12 there is no energy resolution in the final state; all ions produced by photoionization are detected. In other experiments such as 2PP, the final-state photoelectrons are detected in an energy-resolved fashion in an electron energy analyzer. As discussed in Sec. II, shifts in the final-state energy can lead to phase shifts in the interferogram; averaging over the final-state energies thus results in a loss of information in the observed interferogram. The degree to which the final-state energy resolution affects the oscillatory envelope is first considered for the case of energyresolved final states, then final states detected with no energy resolution.
A. Energy-resolved case
In 2PP experiments a subset of the final-state energies is detected in an energy-resolved fashion via an electron energy analyzer. The analyzer can be approximated as a discrete final state, but in reality analyzers have a finite resolution ∆E that varies typically between 1 and 100 meV, which is comparable to or smaller than the transform-limited width of a 20 fs pulse.
Since the analyzer resolution can constitute a significant portion of the pulse energy, it is possible to detect electrons that have been driven by different frequency components of the pulse. In an incoherent sum of the interferograms due to these different electrons, phase shifts can affect the net oscillatory envelope.
To determine the effect of analyzer resolution, the level scheme in Fig. 3 assumed that each electron has a definite final-state energy, and that the interferograms from these different electron energies can be added incoherently. In reality, there will be instances where a range of final-state energies is excited coherently, but computational restrictions make it difficult to treat such a case, so we will use an incoherent sum. An interferogram, similar to that shown in Fig. 2 , is calculated using the optical Bloch equations. It is described by
where f is the line shape of the analyzer and g ∆ ∆ Fig. 3 , a "rule of thumb" is that the oscillatory envelope will be attenuated for delays > 0 25
. h E ∆ .
Interestingly, analyzer resolution does not affect the measured incoherent decay times,
i.e., the net offset of the I2PC from the laser autocorrelation shown in Fig. 2 Fig. 3 is performed for a system with a long phase coherence time continuum of T 2 01 = 100 fs, the oscillatory envelope due to this term will not be affected by the final-state resolution.
B. Non-energy-resolved case
In ultrafast interferometric correlation studies of alkali atoms and dimers, a pump/probe pulse sequence is used to coherently excite the system between bound levels. For example, Cs in the case where there is no energy resolution in the final state, or (as will be discussed below) the initial state arises from a continuum.
IV. Excitation from a full continuum of initial and intermediate states
Metals present a challenging system to study via 2PP due to the presence of continuous bands with widths of several eV. This is not common for most systems studied via ultrafast techniques, where there are at most inhomogeneously broadened levels or limited bands.
However, if I2PC from metals is to be treated correctly, excitation from a full continuum must be considered.
The simplest way to understand the effect of continuum excitation is to contrast it with photoexcitation between discrete levels, shown schematically in Fig. 4a . The initial level is fixed, but the energy spread present in the pulse makes it possible to excite levels of different there are now many different paths that an electron can take and still have a final energy E obs .
Clearly one interferogram for one set of three possible levels will be insufficient to describe the final observed electron distribution. Instead, we will need to calculate an interferogram for each possible pathway and then average over all of the interferograms to obtain the observed interferometric correlation trace. For simplicity, we will treat this as an incoherent sum of all possible transition pathways to the final state, similar to the method for considering analyzer resolution. 
where g ∆ ∆ These results are at first quite surprising, and given the limitations they place on what can be determined from interferometric data for a continuum case like this, it is worth trying to understand why the coherent information is lost. Consider the schematic in Fig. 4c . At E obs there are equal contributions for electrons being driven at higher and lower frequencies than the carrier frequency ω . Discrete level interferograms for these lower/higher energy distributions have faster/slower oscillations indicative of the higher/lower frequencies to which these electrons are responding. Averaging together these different envelopes results in a net cancellation of the coherent oscillations outside of the autocorrelation of the laser. If some of our approximations break down, for example the density of states, transition moments, etc., are not constant over the range of contributing states, the cancellation is not complete, and the resulting interferograms are broader.
Before leaving this example, it is natural to test these results against experiment. In recent interferometric measurements of two photon photoemission from Cu(111) and Cu(100) with 1.55 eV excitation, we have carefully characterized the electric field of the laser pulse using interferometric SSHG measurements. 13 Using this information in optical Bloch equation fits for a three level system, we find that for Drude absorption for electrons originating from energies up to 1 eV below the Fermi level that the fitted T 2 01 , T 2 12 , and T 2 02 lifetimes are all extremely fast, < 0.5 fs. However, analysis of interferograms for electrons originating within 100 meV of the Fermi level, as described below, suggest that the T 2 decay times are considerably longer than this. The averaging due to continuum absorption appears to have completely erased this information, just as predicted.
V. Excitation from changing state densities and inhomogeneously broadened levels
One of the most puzzling aspects about interferometric data recorded from metals is the sudden broadening of the oscillatory envelope at the Fermi level, along with an apparent driving frequency higher than ω , 1 shown in Fig. 6a . The magnitude of this effect seems to be inconsistent with the abrupt loss of coherent broadening observed for electrons at slightly lower energies. However, continuum effects can easily explain what is occurring. Consider the schematic of the Fermi edge in Fig. 7 . This case is qualitatively different than the continuum example above, for now the population of the initial states changes rapidly with energy. Figure   7 suggests that the observed electron distribution should therefore be skewed, with a larger contribution from electrons responding at frequencies higher than ω . In addition, there will be an incomplete cancellation of the coherent oscillations because of the skewed distribution.
Therefore, the observed oscillatory envelope should be broader and indicative of a driving frequency greater than ω .
Because the Fermi distribution is known exactly, it is possible to model this effect explicitly. To do so, we make the above assumptions that the incoherent and coherent lifetimes, as well as the transition moments, are constant as a function of energy over the relevant range of energies sampled by the pulse. An additional weighting term is then included in Eq. (6),
where f E ( ) is the Fermi distribution with E F = 0. Once again, the integral is approximated by a sum, with convergence occurring for integration widths of ±200 meV and a step size of 10 meV. This simple Fermi weighting reproduces the observed trends almost exactly. Consider, for example, the simulation based on a fit of data taken at the Fermi level for 1.55 eV excitation from 50 K cesiated Cu(100) in Fig. 6b . Both the apparent frequency shift of the oscillatory envelope, shown as a phase shift between the laser autocorrelation and the interferogram in fs. That these extremely long phase-decay lifetimes are not observed for electrons originating from energies slightly lower than the Fermi level is a testament to the effects of averaging on phase coherence information. However, the Fermi level, with its known change in state density, offers an opportunity to retrieve these parameters in I2PC measurements from metals.
This same approach can also be applied to other discrete bands in 2PP spectra provided that the distribution function is known.
In contrast to metals, most systems exhibit inhomogeneously broadened bands. These too can be treated by performing an incoherent sum of interferograms based on Eq. (7).
Instead of the Fermi distribution, f E ( ) is replaced by the line shape of the broadened level.
Similar to the SSHG study of plasmon lifetimes for inhomogenous size distributions of Au nanoparticles, 3 broadened levels lead to an attenuation of the oscillatory envelope, but do not affect the measured incoherent decay times. It is tempting to try to derive a "rule of thumb" for the effect of inhomogenous broadening on the oscillatory envelope, but it is best to treat each example on a case-by-case basis. For example, a three level system consisting of a discrete initial and final state, but a broadened intermediate state, will show an attenuation of the "1ω" oscillations in the interferogram, but not the "2ω" oscillations, since they result from twophoton transitions that couple the initial and final state directly.
As a final note, an interesting variation to the apparent driving frequency of the laser at the Fermi level can occur for broadened levels. If E obs is selected such that the resonant levels lie on the low-energy side of a broadened level, then the observed interferogram will exhibit an apparent driving frequency lower than the laser frequency. In other words, when observing the low-energy edge of a peak, the distribution of electrons will be skewed to those responding to lower frequency components of the laser pulse. Similarly, detecting on the high-energy side of a peak can lead to an apparent higher driving frequency. This has been observed in the case of 2PP from the occupied surface state on Cu(111). 1, 14 These effects can also be easily calculated on a case-by-case basis using the above formalism.
VI. Conclusions
In order to extract information on phase coherence lifetimes from ultrafast interferometric correlation measurements on complex systems, it is imperative that averaging effects due to a continuum of states or broadened levels be taken into account. Although the inherent averaging due to broadband excitation in such systems does not affect the measured incoherent population lifetimes, it can completely erase information on coherent phase-decay lifetimes for the extreme case of excitation between continua. It is possible to retrieve the phase-decay lifetimes from systems that have broadened levels or a known change in the density of states, such as at the Fermi level, by an iterative procedure of fitting the observed data to averaged interferograms calculated using the optical Bloch equation formalism. However, if this is not done rigorously, the observed coherent phase-decay times can only be taken as a lower limit on the actual phasedecay times. In addition, averaging in such instances can lead to an apparent shift in the driving frequency of the system, an effect that can be modeled via a continuum approach.
Finally, even in systems with discrete levels, the final photoionized state is often part of a continuum. Averaging effects due to energy analyzer resolution also need to be considered when extracting phase coherence lifetimes.
Appendix: Optical Bloch Equations for a three-level system
It is useful to write down the complete optical Bloch equations for a three level system, both as a reference and to highlight any assumptions implicit in their use. The complex electric field that couples the levels is written as
Equation (A6) indicates that three-level system is closed, meaning that the sum of the diagonal elements of the density matrix is one. As discussed in Sec. II, the time scale for spontaneous radiative decay of an excited level is expected to be several orders of magnitude longer than hot electron lifetimes in metals, and is thus omitted from these equations. In an actual calculation of the I2PC, these differential equations are split into real and imaginary parts, leading to eight unique coupled differential equations. In a least squares fit of the data, this model reveals extremely long phase coherence times of >100 fs between the ground and final state. 
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